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ON THE MANIFOLD STRUCTURE OF THE SET OF UNPARAMETERIZED
EMBEDDINGS WITH LOW REGULARITY
LUIS J. AL´IAS AND PAOLO PICCIONE
ABSTRACT. Given manifolds M and N , with M compact, we study the geometrical
structure of the space of embeddings of M into N , having less regularity than C∞, quo-
tiented by the group of diffeomorphisms ofM .
1. INTRODUCTION
A very general class of geometrical variational problems can be formulated in terms of
some action functional defined on the space Emb(M,N) of embeddings of a manifold M
into some other manifold N . In many interesting examples, as for instance in the study of
minimal or constant mean curvature embeddings x :M → N , the functionals involved do
not depend on the parameterization x, i.e., they are invariant by Diff(M) the diffeomor-
phism group of M that acts by right composition on the space of embeddings. Under these
circumstances, given a solution x :M → N of the variational problem, any embedding of
the form x ◦ φ, with φ ∈ Diff(M), is also a solution of the problem, which is not geomet-
rically distinct from x. This implies in particular, that typical compactness assumptions,
like the Palais–Smale condition, obviously fail for parameterization invariant functionals.
Namely, every critical level of a parameterization invariant functional is non compact. If
one is interested in multiplicity results, like for instance Morse Theory or Bifurcation The-
ory, one has to identify solutions that are not geometrically different. There are several
methods in the literature to get rid of the gauge invariance property in equivariant varia-
tional problems. One method is to impose a gauge fixing condition, in the language of [11],
i.e., a smooth submanifold of the domain of the functional, which intersects all the orbits
of the group action, and on which the variational problem has no invariance properties.
A second method consists in determining an auxiliary functional, with the same critical
points and which is no longer gauge invariant. This is illustrated well in the classical
closed geodesic problem, originally formulated using the length functional in the space of
immersions of the circle in a Riemannian manifold N . In this case, one replaces the length
functional by a quadratic energy functional, which is no longer parameterization invariant,
and has the same critical points. Nonetheless, the same technique may not be available
for variational problems in higher dimension, and in this case the appropriate functional
space to consider for the variational problem is the set of unparameterized embeddings of
M into N . Two embeddings x1, x2 : MN → N are said to be equivalent if there exists
a diffeomorphism φ of M such that x2 = x1 ◦ φ; an unparameterized embedding of M
into N is an equivalence class of embedding of M into N . Actions of the diffeomorphism
group of a manifold have been studied in several contexts, and one of the central questions
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is how to construct slices for these actions. The interested reader may look up [1] for the
action on Riemannian metrics by pull-back, or [4] for gauge theory.
A crucial point is the choice of regularity for the embeddings. Namely, important prop-
erties of the variational problem, like for instance the Palais–Smale condition, or the Fred-
holmness condition for the second derivative, depend essentially on this choice. The C∞
case has been extensively studied (see [7, 8, 9]), and a nice Frechet differentiable structure
has been described for this set. The theory of manifolds modeled on general locally con-
vex topological vector spaces has been recently developed in detail in [6]. Nevertheless, in
view to applications in variational calculus, the Frechet structure of C∞ embeddings is too
weak, and it is desirable to have a geometry modeled on Banach or Hilbert spaces. Usually,
a natural choice would be to consider embeddings of class Ck, or Ck,α, with k < ∞ and
α ∈ ]0, 1[, or some Sobolev regularity. However, when a regularity weaker than C∞ is
assumed for the embeddings, subtle obstructions arise when attempting to define a global
differentiable structure on the quotient space of embeddings modulo diffeomorphisms. The
problem is a consequence of the fact that, when k <∞, the map of left-composition with a
fixed diffeomorphism of class Ck is not a differentiable map in the space of Ck-maps. The
transition maps of any natural atlas of charts for the space of unparameterized embeddings
involve this type of operations.
The point we address in this paper is precisely an analysis of the local and global ge-
ometrical structure of the set of unparameterized embeddings having regularity weaker
than C∞. We will show that, unlike the smooth case, such a set does not have a natural
global differentiable structure; nonetheless local and global techniques from the Calculus
of Variations can be applied for parameterization invariant functionals. More precisely,
we use Palais’ notion of Vector Bundle Neighborhood (VBN) for describing an atlas of
charts for the set of unparameterized embeddings, whose transition functions are contin-
uous. Using these charts, the set of unparameterized embeddings is “locally” a smooth
submanifold of the space of embeddings. The restriction of any parameterization invariant
smooth function on the space of embeddings defines a function on the space of unparame-
terized embeddings which is smooth in any local chart. Thus, one has a well defined notion
of critical point, and we compute the first and the second variation at a critical point of a
parameterization invariant smooth functional. In the last section we also analyze regularity
properties of the action of the isometry group of the target manifold N on the space of
unparameterized embeddinds by left-composition. This action is also not smooth, but in
local charts its orbits are smooth embedded submanifolds.
2. NOTATIONS AND PRELIMINARIES
Let us consider two smooth (i.e., C∞) manifolds Mm and Nn, with m < n. For sim-
plicity, we will assume that M is compact, although an analogous theory can be developed
also in the non compact case, along the lines of [12]. We will fix throughout an auxiliary
Riemannian metric g on the target manifold N , and we will denote by exp the correspond-
ing exponential map. The metric g induces a norm on every vector bundle obtained by
functorial construction from TN (like pull-backs, normal bundles of embeddings into N ,
etc.). The metric g will be used only for a more explicit description of the manifold charts;
all the results of the present paper will not depend on the choice of such metric.
We will denote by C a regularity class of maps defined on M . More precisely, let
C(M,R) be a Banach space of maps from M to R such that
C∞(M,R) ⊂ C(M,R) ⊂ C1(M,R),
with dense inclusion C∞(M,R) →֒ C(M,R) and continuous inclusion C(M,R) →֒
C1(M,R). We require that C(M,R) be stable under composition from the right with
functions f ∈ C∞(M,M) (this action is linear), and stable under composition from the
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left with functions f ∈ C∞(R,R). We also assume that for all f ∈ C∞(R,R), the map
C(M,R) ∋ g 7→ g ◦ f ∈ C(M,R) is smooth.
Typical examples of C are:
• C = Ck, with k ≥ 1;
• C = Ck,α, with k ≥ 1 and α ∈ ]0, 1[ (Ho¨lder type regularity);
• C = W k,p, with p(k − 1) > m (Sobolev type regularity).
In several interesting examples, also non standard choices for the functor C may appear
naturally, see Remark 2.1. Thus, treating the subject in such generality is not a useless
abstraction.
A description of the differentiable structure of the set of maps f : M → N of class
C can be given as follows. Set C(M,Rd) = ⊕di=1C(M,R) and, given a subset S ⊂ Rd,
denote by C(M,S) the set of maps f ∈ C(M,Rd) such that f(M) ⊂ S. Such set is
endowed with the induced topology from C(M,Rd). If S is a submanifold of Rd, then
C(M,S) is a submanifold of C(M,Rd). Given a smooth embedding φ : N → Rd, denote
by C(M,N, φ) the set of all maps f : M → N such that φ ◦ f ∈ C
(
M,φ(N)
)
. The
map C(M,N, φ) ∋ f 7→ φ ◦ f ∈ C
(
M,φ(N)
)
is a bijection, and it induces a a Banach
manifold structure on C(M,N, φ). This differentiable structure is independent on φ, i.e.,
given different embeddings φi : N → Rdi , i = 1, 2, then C(M,N, φ1) = C(M,N, φ2),
and the differentiable structures induced by C
(
M,φ1(N)
)
and C
(
M,φ2(N)
)
coincide.
We will therefore omit the symbol φ in the notation of the set of maps f :M → N of class
C, and we will write C(M,N). Given a smooth vector bundle π : E →M , one also has a
notion of sections of class C of π, defined in the obvious way.
Remark 2.1. When the Banach space C(M,R) is not separable, as in the case C = Ck,α,
with α ∈ ]0, 1[, then C(M,N) is a non separable Banach manifolds. There are theories
where separability is an important issue, especially when Sard’s theorem needs to be in-
voked. A situation of this type is considered in [14], where the author proves a genericity
result in the space of Ck,α embeddings. As suggested in [13, § 1.5], a possible way of
circumventing the problem is to consider rather than the space Ck,α, the closed subspace
Ck,α+consisting of all Ck,α-limits of functions of class Ck+1. This space is separable with
respect to the Ck,α-topology, and in fact it is second countable.
By the assumption that the inclusion C(M,R) →֒ C1(M,R) is continuous, it follows
that the (possibly empty) subset of C(M,N) consisting of embeddings is open. In next
Section we will describe an explicit set of local charts for such set, given intrinsically, i.e.,
without using embeddings of N into some Euclidean space.
3. THE MANIFOLD OF EMBEDDINGS
Classical references where the differentiable structure of C(M,N), or more generally
of spaces of C-sections of fiber bundles1 with compact base, has been described explicitly
are [2, 3, 10]; local charts of this differentiable structure are described by Palais using the
notion of vector bundle neighborhood (VBN). When the base is non compact, restrictions
on the space of sections are required in order to have a well defined Banach differentiable
structure, see [12]. In order to get a better insight on our problem, let us recall how a
global differentiable structure on C(M,N) is obtained, following the VBN approach of
[10]. Given a Riemannian vector bundle E over M (i.e., a vector bundle endowed with
a Riemannian structure on the fibers and a compatible connection), we will denote by
Γ(E) the Banach space of all sections of class C of E. The essential property required for
developing Palais’ theory is the fact, proved in [10], that, given a compact manifold M ,
two Riemannian vector bundles E1, E2 over M , and a smooth vector bundle morphism
Φ : E1 → E2, the composition operator Γ(E1) ∋ s 7→ Φ ◦ s ∈ Γ(E2) is a smooth map.
1functions from M toN can be thought of as sections of the trivial fiber bundle M ×N .
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The idea of vector bundle neighborhoods is that suitable small C-neighborhoods of a given
map x : M → N of class C∞ are parameterized by elements in neighborhoods of the
zero section of the pull-back bundle x∗(TN) over M . More precisely, once a Riemannian
metric g with Levi–Civita connection∇ in N is fixed, a local chartΦ of C(M,N) around a
given smooth function x is obtained by associating to each section u of class C of the vector
bundle x∗(TN) the map y :M → N defined by y(p) = expx(p)
(
u(p)
)
, where exp is the
exponential map of ∇. The inverse of the map that associates to each u the corresponding
y defines a local chart from an open neighborhood of the zero section of x∗(TN) to an
open neighborhood of x, that will be denoted by Φx. The transition maps for charts in
this atlas are computed as follows. Given smooth maps x1, x2 : M → N , for i = 1, 2
consider the map EXPi : x∗i (TN) → M × N defined by EXPi(p, v) =
(
p, expxi(v)
)
,
v ∈ Txi(p)N . This gives a smooth diffeomorphism of an open subset containing the zero
section of x∗i (TN) onto an open neighborhood of the graph of xi; the composition ζ =
EXP−12 ◦ EXP1 is a smooth diffeomorphisms between two open neighborhood of the
zero sections of the vector bundles x∗1(TN) and x∗2(TN) that preserves the fibers. The
transition map Φ−1x1 ◦ Φx2 is given by left-composition with the smooth map ζ, and thus it
is differentiable (compare with the situation described in Remark 4.2). Moreover, when x
varies in the set of smooth functions, the domain of these charts cover the entire C(M,N),
as we are assuming density of the inclusion C∞(M,R) →֒ C(M,R). Hence, the collection
of all such charts defines a differentiable atlas on C(M,N). Given a smooth map x :M →
N , the tangent space TxC(M,N) is identified, via the chart Φx, with the space of all
sections of class C of the pull-back bundle x∗(TN).
The subset Emb(M,N) of C(M,N) consisting of all embeddings x : M → N is
open, and thus it inherits a natural Banach manifold structure from C(M,N). One can
consider the set Diff(M), which is the set of all diffeomorphisms φ : M → M of class
C; observe that Diff(M) may fail to be closed under composition or inverse, so that in
general it is not a group. Diff(M) is an open subset of Emb(M,M), and thus it inherits
a natural differentiable structure. However, even under the assumption that Diff(M) is
closed under composition and inverse, neither one of the two operations is differentiable.
Namely, the left-composition map φ 7→ x ◦φ on Diff(M) in general is not of class C1 (see
[13, Appendix]). Similarly, the derivative of the map φ 7→ φ−1 involves the derivative of
φ, and thus this is not differentiable at those points φ whose derivative is not of class C.
4. THE MANIFOLD OF UNPARAMETERIZED EMBEDDINGS
Two embeddings x, y : M → N will be considered equivalent if there exists a C1-
diffeomorphism φ : M → M such that y = x ◦ φ, i.e., if they are different parameteriza-
tions of the same submanifold of N diffeomorphic to M . If x and y are of class Ck, then
such diffeomorphism φ will also be of class Ck. For x ∈ Emb(M,N), we will denote by
[x] the class of all y ∈ Emb(M,N) that are equivalent to x.
Definition 4.1. The set of unparameterized embeddings of class C of M into N , denoted
by E˜mb(M,N), is the set:
E˜mb(M,N) =
{
[x] : x ∈ Emb(M,N)
}
.
Thus, E˜mb(M,N) can be thought as the set of all embedded submanifolds of class C of
N that are C-diffeomorphic to M . We will now establish an infinite dimensional Banach
topological structure on E˜mb(M,N), and we will describe suitable local charts of this
structure.
Let x : M → N be a smooth embedding; a local chart Φ˜ : U˜x → W˜x in E˜mb(M,N),
where U˜x is an appropriate neighborhood of [x] in E˜mb(M,N), Wx is an appropriate
C-neighborhood of the zero section of the normal bundle of x, is given as follows. There
exists an open subset U of the normal bundle x⊥ containing the zero section of this bundle,
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and an open subset V of N containing the image x(M) such that the restriction of exp to
U gives a diffeomorphism from U to V . The space Γ(x⊥) of all sections of class C of the
normal bundle x⊥ is a Banach space, and the subset Γ(x⊥;U) of Γ(x⊥) consisting of all
sections whose image is contained in U is open. A map Ψ˜x : Γ(x⊥;U)→ E˜mb(M,N) is
obtained by setting Ψ˜x(u) = [y], where y(p) = expx(p)
(
u(p)
)
for all p ∈ M . Clearly, y
is an embedding of class C of M into N , since u is an embedding of class C of M into the
normal bundle x⊥, and exp is a diffeomorphism from U to V . It is easy to see that Ψ˜x is
injective. In order to prove this, first observe that two embeddings x1, x2 ∈ Emb(M,N)
are equivalent if and only if x1(M) = x2(M). Now, observe that two distinct sections
u1, u2 ∈ Γ(x
⊥;U) must have distinct images in U , and thus their composition with exp
are also different in V . This proves that Ψ˜x is injective. The image of Ψ˜x is the projection
onto E˜mb(M,N) of an open neighborhood of x in Emb(M,N). If y ∈ Emb(M,N) is
near x, in particular it has image contained in U , then exp−1
(
y(M)
)
is the image of a
section u of x⊥ of class C; then, Ψ˜x(u) = [y]. Thus, the map Ψ is a bijection from an open
subset Wx of Γ(x⊥) containing the zero section, to a subset Ux of E˜mb(M,N) given by
the projection onto E˜mb(M,N) of an open neighborhood of x in Emb(M,N). Its inverse
will be denoted by Φ˜x, and the collection of such maps, as x varies in the set of all smooth
embeddings of M into N is taken as an atlas of charts for E˜mb(M,N).
We note however that there is no differentiable compatibility between two charts in this
atlas, i.e., the transition maps are in general not differentiable, but only continuous. Let
us compute a transition map. Denote by x1, x2 : M → N two smooth embeddings such
that the classes [x1] and [x2] belong to the intersection of the domains U˜x1 ∩ U˜x2 of the
charts Φ˜x1 and Φ˜x2 . Denote by exp1, exp2 the exponential map of g restricted to the
normal bundles x⊥1 and x⊥2 respectively, that are diffeomorphisms between open subsets
containing the zero section and tubular neighborhoods of the images x1(M) and x2(M)
respectively. Thus, there are open subsets Ui ⊂ x⊥i containing the zero section such that
the map ζ : U1 → U2 given by ζ = exp−12 ◦ exp1 is a smooth diffeomorphism. Let
u ∈ W˜x1 ∩ W˜x2 be fixed and set u′ = Φ˜x2
(
Φ˜−1x1 (u)
)
.
Remark 4.2. The key observation here is that, in spite of the fact that the section u′ of
the normal bundle x⊥2 has the same image of the map ζ ◦ u, the latter is not a section of
x⊥2 . This depends on the fact that the diffeomorphism ζ is not a vector bundle morphism
as in the case of the charts of Emb(M,N) (Section 3), i.e., it does not take fibers of x⊥1
into fibres of x⊥2 . In order to obtain the section u′, an adjustment needs to be done in the
domain of ζ ◦ u, which is obtained by composition on the right with a diffeomorphism
of the base M that depends on u; it is precisely such adjustment that causes the loss of
differentiability of the transition maps.
The following formula holds:
u′ = ζ ◦ u ◦ h−1u ,
where hu :M →M is the diffeomorphism:
hu = π2 ◦ ζ ◦ u,
π2 : E2 → M being the projection of the vector bundle E2 over the base manifold M .
Now, the maps u 7→ ζ ◦ u and u 7→ hu are C∞, but the function h → h−1 is not differen-
tiable in Diff(M) where h is only of class C, as well as the function of composing on the
left with ζ ◦ u, when u is only of class C. Thus, the map u 7→ u′ is continuous, but not
differentiable.
We can then define a unique topology on E˜mb(M,N) whose basis is the collection of
the domains U˜x of the charts Φ˜x, as x varies in the set of smooth embeddings of M into
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N , and by requiring that each Φ˜x is a homeomorphism onto its image. It is easy to see2
that this topology is exactly the quotient topology induced by the canonical quotient map
π˜ : Emb(M,N)→ E˜mb(M,N).
The reader should observe that the charts Φx in Emb(M,N) and Φ˜x in E˜mb(M,N)
look very much alike. The only difference is that Φ˜x takes values in the space of sections
of the normal bundle x⊥, while Φx takes values in the spaces of sections of x∗(TM). If
we identify3 x⊥ with a subbundle of x∗(TN), then this suggests that, roughly speaking,
“locally E˜mb(M,N) is a smooth submanifold of Emb(M,N)”. Let us state this in a more
precise way:
Proposition 4.3. For x varying in the set of smooth embeddings of M into N , the family{(
U˜x, Φ˜x
)}
x
is an atlas of charts of E˜mb(M,N), whose domains form an open cover of
E˜mb(M,N), and that makes E˜mb(M,N) into an infinite dimensional topological mani-
fold modeled on the Banach space C(M,Rn−m).
The canonical projection π˜ : Emb(M,N)→ E˜mb(M,N) is a quotient map.
For a given smooth embedding x :M → N , by identifying the normal bundle x⊥ with a
subbundle of the pull-back x∗(TN), then the local chart Φx of Emb(M,N) around x and
the local chart E˜mb(M,N) around [x] allow an identification of the neighborhood U˜(x)
of [x] with the smooth submanifold of Emb(M,N) consisting of those C-embeddings in
the domain of the chart Φx for which Φx takes values in the space of sections of the normal
bundle x⊥. 
The local identification of E˜mb(M,N) with submanifolds of Emb(M,N) is particu-
larly useful for studying smooth maps.
Corollary 4.4. Let Z be an arbitrary manifold and f : Emb(M,N) → Z be a smooth
function such that f(x) = f(y) for all pairs of equivalent embeddingsx, y ∈ Emb(M,N).
Then, given any smooth embedding x : M →֒ N , considering the local chart
(
U˜(x), Φ˜x
)
of E˜mb(M,N), the composition f˜x = f ◦ Φ˜−1x : Φ˜x
(
U˜x
)
→ Z is smooth.
If Z = R, then u = Φ˜x([y]) is a critical point of f˜x if and only if y is a critical point of f .
Proof. The map f˜x is the restriction to the subspace of C-sections of the normal bundle x⊥
of the smooth function fx = f ◦ Φ−1x , thus f˜x is smooth. For u ∈ Φ˜x
(
U˜x
)
, the tangent
space at u of the space of C-sections of the bundle x∗(TN) is identified with the space of
sections of some vector subbundle E of x∗(TN) complementary to dx(TM) (if u 6= 0,
then E will not necessarily be the normal bundle x⊥). The invariance property of f says
that dfx vanishes on sections of the bundle dx(TM), from which it follows easily that
u = Φ˜x([y]) is a critical point of f˜x if and only if y is a critical point of f . 
Remark 4.5. Note that the result of Corollary 4.4 says in particular that, for a smooth
function f on Emb(M,N) which is invariant by diffeomorphisms of M , one has a well
defined notion of “critical point of f in E˜mb(M,N)”. We will say that [y] is a critical point
of f in E˜mb(M,N) if given x : M → N smooth embedding such that [y] belongs to the
domain U˜x of the chart Φ˜x, then Φ˜x
(
[y]
)
is a critical point of the smooth function f ◦ Φ˜−1x .
Corollary 4.4 says that this notion does not depend on the choice of the chart around [y];
of course, this conclusion could not be drawn using a change of charts argument.
2Consider the restriction of pi to the inverse image pi−1
(
U˜x
)
of the domain of some chart. Then, such
restriction is continuous, open (because it admits continuous local sections with arbitrarily prescribed values at a
given point), and surjective, hence it is a quotient map.
3We will identify the pull-back bundle x∗(TN) with the Whitney sum dx(TM)⊕ x⊥.
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When [x] is the class of a smooth embedding x : M → N , then for all questions of
differentiability at [x] a it will be convenient to use the chart Φ˜x, centered at the point x.
The tangent space at [x] is described in next:
Lemma 4.6. Let x : M → N be a smooth embedding. The tangent space at the point
[x] to E˜mb(M,N) is identified, via the chart Φ˜x with the Banach space Γ(x⊥) of all C-
sections of the normal bundle x⊥. If r 7→ xr ∈ Emb(M,N) is a C1-curve with xr0 =
x and ddr
∣∣
r=r0
xr = V ∈ Γ
(
x∗(TN)
)
then r 7→ γr = Φ˜x
(
[xr]
)
is of class C1, and
d
dr
∣∣
r=r0
γr = V
⊥ ∈ Γ(x⊥), where V ⊥(p) is the orthogonal projection of V (p) onto the
orthogonal space x⊥(p), p ∈M .
Proof. The domain of Φ˜x is mapped by Φ˜x to an open neighborhood of the zero section of
Γ(x⊥). The tangent space is therefore identified with the Banach space itself. Since r 7→
xr is C1, then r 7→ ηr = Φx(xr) is C1; now, γr = P⊥(ηr), where P⊥ : Γ
(
x∗(TN)
)
→
Γ(x⊥) is the bounded linear map defined by P⊥(W ) = W⊥. Thus, γr is of class C1, and
its derivative at r0 is given by P (V ) = V ⊥. 
Proposition 4.7. Let f : Emb(M,N)→ R be a smooth function invariant by diffeomor-
phisms of M , and assume that x : M → N is a smooth embedding such that [x] is a
critical point of f in E˜mb(M,N) (in the sense of Remark 4.5). Then, the second variation
d2
(
f ◦ Φ˜−1x
)
(0) coincides with the restriction of the second variation d2(f ◦ Φ−1x )(0) to
the space of C-sections of the normal bundle x⊥.
Proof. It follows immediately from the fact that, using the local charts Φx and Φ˜x centered
at x, then E˜mb(M,N) (∼= sections of the normal bundle x⊥) is identified with a linear
subspace of Emb(M,N) (∼= sections of the pull-back bundle x∗(TN)). 
Remark 4.8. One may wonder whether the set E˜mb(M,N) admits some other natural
atlas of charts that are pairwise differentiably compatible, and that make it into a true
Banach differentiable manifold. The existence of such a differentiable structure fails if one
requires the natural property that the quotient map π˜ : Emb(M,N) → E˜mb(M,N) be
a smooth submersion. Namely, if such a differentiable structure existed, then the inverse
image by this projection of points of E˜mb(M,N), i.e., equivalence classes of embeddings,
would be embedded smooth submanifolds of Emb(M,N). But as we have observed,
equivalence classes of embeddings x that are only of class C are not submanifolds, as they
have the same regularity of the left-composition function φ 7→ x ◦ φ.
5. ACTION OF THE ISOMETRY GROUP
We will now study regularity questions concerning the action of the (connected com-
ponent of the identity of the) isometry group G = Iso(N, g) of the Riemannian manifold
(N, g) on the manifold Emb(M,N) given by composition on the left, and the correspond-
ing action on E˜mb(M,N). It is well known (see for instance [5]) that G is a Lie group; if
N is compact, then also G is compact.
Proposition 5.1. The following regularity properties hold for the action of Iso(N, g).
(1) The action of Iso(N, g) on Emb(M,N) is by smooth diffeomorphisms.
(2) The corresponding action on E˜mb(M,N) is by homeomorphisms.
(3) If x :M → N is a smooth embedding, then the map
βx : Iso(N, g) −→ E˜mb(M,N)
defined by βx(ψ) = ψ · [x] is a smooth injective immersion on a neighborhood of
the identity (when represented in any of the local charts described in Subsection 4).
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(4) The local charts of E˜mb(M,N) described in Subsection 4, restricted to the orbit
Iso(N, g) · [x] of a smooth embedding x : M → N are differentiably compatible,
and they define a differentiable structure on the orbit of [x] in E˜mb(M,N). The
action of Iso(N, g) on this orbit is smooth, and this orbit is diffeomorphic to the
quotient Iso(N, g)/Hx, where Hx is the isotropy group of [x].
Proof. Isometries of (N, g) are smooth. Part (1) follows from the fact that left-composition
with smooth maps is smooth on Emb(M,N); the inverse of left-composition by ψ is left-
composition by ψ−1. As to the map E˜mb(M,N) ∋ [y] 7→ [ψ ◦ y] ∈ E˜mb(M,N), this is
continuous, but not smooth. Namely, given the C-section u = Φ˜x(y) of x⊥, then the map
exp−1 ◦ψ ◦ exp(u) is a map of class C between open subsets of x⊥, but it is not a section.
Thus, when representing the composition [ψ ◦ y] in local charts, a right composition with
a diffeomorphism is needed, which as observed in Subsection 4 is not smooth, but only
continuous. This proves part (2). For part (3), observe that the composition of βx and the
local charts Φ˜y applied to ψ involves only compositions of ψ with smooth diffeomorphism,
and it is therefore a smooth injective immersion of (an open neighborhood of the identity
in) Iso(N, g). To prove part (4), observe that, by (3), the intersection of the orbit Iso(N, g)·
[x] with the domain of a chart Φ˜y is an immersed submanifold. Since the orbit of a smooth
embedding consists only of classes of smooth embeddings, then the transition functions
restrict to smooth maps at every point of the orbit. Smoothness of the action on this orbit
also follows easily. 
It is an easy observation that, for all x ∈ Emb(M,N), the stabilizer of [x] in Iso(N, g)
is the subgroup consisting of all isometries ψ that preserve the image x(M), i.e., such that
ψ
(
x(M)
)
= x(M).
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